We analyze the Pauli-channel estimation with mixed nonseparable states. It turns out that within a specific range entanglement can serve as a nonclassical resource. However, this range is rather small, that is entanglement is not very robust for this application. We further show that Werner states yield the best result of all Bell diagonal states with the same amount of entanglement.
I. INTRODUCTION
Entanglement is the central concept of quantum information processing [1] . It has an intriguingly wide range of consequences, starting from fundamental research [2] it nowadays arrives at amazing possible applications like teleportation [3] , quantum cryptography [4] and quantum computing [1] . In all these examples entanglement serves as a constituent having no classical counterpart. It is therefore tempting to treat it as a new kind of resource unknown to classical physics.
In order to do so we would like to quantify the amount of entanglement needed for a certain task, in particular, if such a task cannot be carried through with classical means. But besides this undoubted significance of entanglement no unique measure of it exists. Abstract as well as operational approaches have been formulated [5, 6] . In the present work we do not resolve this important problem. But we analyze another task, namely the characterization of a quantum channel, which can be speeded up with the right amount of entanglement.
For a maximally entangled state it was shown already in [7] that it enhances the fidelity for estimating the parameters of a Pauli channel when compared to a scheme based on separable quantum states. It, however, remained unclear how much entanglement is needed for such an enhancement. Here we extend this discussion to noisy transmissions, i. e. to mixed nonseparable states. This allows us to derive a specific "strength" of entanglement which is minimally needed to consider it as a nonclassical resource for this kind of problem. We regard this as another way of operationally quantifying entanglement. In particular, we show the special role played by the class of Werner states.
Let us first shortly review the basic problem of channel estimation. The Pauli channel is defined by the action of a superoperator C on the density operatorρ via
where the Pauli operatorsσ i classify the different types of errors, namely no error (σ 4 =1), bit-flip error (σ 1 = |0 1| + |1 0|), phase-flip error (σ 3 = |0 0| − |1 1|) and the combination of bit-and phase-flip error (σ 2 = i(|1 0| − |0 1|)). The different errorsσ i appear with probabilities p = (p 1 , p 2 , p 3 ) T , whereas with probability
In many applications of quantum information processing we have to be aware of p, especially, if we want to correct for the errors that might have occured during a transmission through the channel. It is therefore important to ask how we can learn something about the probability vector p of an unknown Pauli channel. We further assume that we use only a finite number of quantum systems to unravel p. Moreover, we would like to know if we can use nonclassical tools, like entanglement, provided by the quantum domain. Indeed, it was shown [7] that the two parties (Alice and Bob) connected by the noisy channel can learn more efficiently about the channel parameters p, if they estimate them with the help of maximally entangled Bell states. We shall now extend this result to mixed nonseparable states in order to study the degree of entanglement needed for an efficient estimation.
This paper is organized as follows. We begin in Sec. II with a discussion of the principle estimation schemes. Then we proceed by comparing the different estimation schemes in Sec. III. We examine the special role played by Werner states in our estimation scheme in Sec. IV. Finally, section V concludes the paper.
II. ESTIMATION SCHEMES
We assume that we have a total resource of R qubits to estimate the probability vector p and that we are able to prepare N = R/2 entangled qubit pairs (ebits) in a Werner state [9] 
which is completely characterized by the fidelity F = ψ − |ρ F |ψ − and the Bell states |ψ
A Werner state can-roughly speaking-be considered as a mixture of maximally entangled states due to imperfections (noise) in the preparation or transfer step * . Let us shortly review its basic characteristics. In the case F = [11, 12] and for F = 1 we obtain the maximally entangled Bell state |ψ − , which was already examined in [7] . In the following we therefore restrict ourselves to the domain Let us now turn to the scheme ( Fig. 1 ) that we are using to determine the channel properties. First, the ebit has been distributed between Alice and Bob. It is this preparational step which might change an initially maximally entangled state into the mixtureρ F . One qubit of each ebit (say Alice's) is sent through the channel while the other (Bob's) is left untouched. After passing Alice's qubit through the channel we perform a Bell measurement on the output state
and obtain after N measurements the frequencies * By randomly applying bilateral rotations it is possible to obtain a Werner state from any general Bell diagonal state [10] .
where i 1 denotes the number of |φ − results, i 2 the number of |φ + results, etc. As we assume that no qubits are lost during their channel passage, we further have
The probabilities of measuring the different Bell states are now connected to the channel parameters p via
as can be seen from Eq. (3). Combining Eqs. (4) and (5) enables us to estimate the channel parameters
Note that p est j can have unphysical negative values which are due to an imperfect estimation scheme (for F = 1 we do not run into troubles). In a real experiment one would treat this as a probability equal zero. However, below we are only interested in the average error of the estimation p est j and hence these negative values do not come into play. If our estimation scheme is good, this parameters should be close to the actual parameters p of the quantum channel. To quantify this notion of "closeness" we introduce the variance of actual and estimated parameters,
2 , to describe the estimation quality. However, this sum only serves to quantify the "closeness" of one single run but we are interested in the average error of our estimation scheme. Therefore we use the mean quadratic deviation
to quantify the quality of our estimation. For a Werner state, this average error then becomes
or, if we reexpress everything in the measurement probabilities Eq. (5), which depend on the channel probabilities p, we obtain
For F = 1 we obtain the result
which was already derived in [7] . Moreover the above results Eqs. (8)- (10) can be nicely generalized to d dimensions. We shortly present the main steps in Appendix A. In order to compare the estimation error, Eq. (8), using nonseparable states to the separable case, we also shortly review the estimation scheme for separable states. To determine the error probabilities p Alice prepares three well defined reference states, and sends them through the channel. Bob finally measures one operator for each state.
For the three different error operators (a)σ 1 , (b)σ 2 and (c)σ 3 of the Pauli channel, Alice prepares the pure states (a) (1 +σ 3 ) respectively and sends them through the channel. In order to obtain a fair comparison, Alice again only uses a total number of R qubits and therefore M = R/3 qubits for each of the three input states. Bob measures the operators (a)σ 1 , (b)σ 2 and (c)σ 3 and uses the corresponding expectation values σ i to calculate the parameter vector p. The quality of the estimation which again can be measured using the averaged quadratic deviation then reads [7] 
In what follows the quantityf serves as a reference. In the next section we will show under which conditions we can improve this error bound by using nonseparable qubits.
III. COMPARISON OF THE DIFFERENT ESTIMATION SCHEMES
In this section we compare the three different estimation schemes and the corresponding errors, namelȳ f (M, p ), Eq. (11), for separable states,ḡ F (N, p ), Eq. (8)
In [7] it was shown thatf ( One easily confirms the relationḡ F (N, p ) ≥ g F =1 (N, p ) with equality only for F = 1. This states that less entanglement leads towards an larger average error, or-the other way round-we need more qubits to obtain the same quality of our estimation if we have less entanglement. In particular if we requireḡ
Eq. (9) to Eq. (10) .
However, if we want to analyze the range, in which entanglement provides a nonclassical resource, we have to compare the mixed nonseparable case to the separable case. For this purpose let us start by looking at the robustness of nonseparable states with respect to channel estimation. Does any nonseparable stateρ F , Eq. (2), provide an advantage in channel estimation? In other words, for which probability vectors p do we get
Numerically, one finds a value F min ≈ 0.83, i. e. the smallest value for which inequality (12) still holds, for p 1 = p 2 = p 3 ≈ 0.16. For F < F min entangled stateŝ ρ F never lead to an enhancement in estimating the channel parameters when compared to separable states. We therefore find that the entanglement ofρ F has to be quite high in order to serve as a nonclassical resource for quantum channel estimation. Let us make this even more explicit. If we want to estimate our Pauli channel with an average error of say 1, we requiref
for separable resources R f and nonseparable resources R g . By solving these Eqs. for the required number of qubits R f and R g we are able to calculate the difference
in qubit-resource requirement. Note that the absolute value of our average estimation error, that is the right hand sides of Eqs. (13), just gives a linear scaling factor for ∆R. As we are not interested in the absolute value of ∆R, but in the sign of it, e. g. R f > R g (estimation with separable states needs more resources than estimation with Werner states) or R f < R g (estimation with separable states needs less resources than estimation with Werner states), this is unproblematic. We think of ∆R as being a quantity in arbitrary units and only the sign of it matters.
As an example we consider the special Pauli channel p 1 = p 2 = p 3 = p where every error type occurs with the same probability † .
T plotted versus p. From top to bottom the graphs are for F = 1 (solid line), F = 0.9 (dashed line) and F = Fmin ≈ 0.83 (dotted line), respectively. One clearly sees that the maximally entangled Bell states (F = 1) are always superior to the separable case. In contrast, channel estimation with a Werner stateρF =F min leads for p = 0.16 to the same average error as the separable case, but for all other values of p it is worse. For fidelities between these two boundaries, i. e. F = 0.9, our nonseparable Werner states yield better channel estimation only for 0.04 < p < 0.29.
In Fig. 2 we first show the error gain
which entanglement allows in contrast to separable states for different fidelities F . As mentioned above, F = 1 (solid line in Fig. 2 ) always enhances the estimation, whereas for example F = 0.8 never does so. For 0.83 < † This Pauli channel is equivalent to a depolarizing channel.
F < 1 it depends on the value of p if entanglement yields better or worse estimation results than the separable case. Consider for instance the case F = 0.9 in Fig. 2 (dashed line) . One easily checks that entangled states are only superior for 0.04 < p < 0.29. If we know that our Pauli channel is not parameterized by a probability vector p out of this domain, it is more clever to use separable states for the estimation. This behavior comes out most clearly when we look at the difference ∆R, Eq. (14), in the needed resources, shown in Fig. 3 . Finally, in Fig. 4 we shortly summarize the different important values of the Werner-state fidelity F . We see that even Werner states that violate the CHSH inequality are not necessarily enhancing the channel estimation. Eq. (14) , in the resources for the special Pauli channel p = (p, p, p)
T plotted versus p and F in arbitrary units (see text). There is a wide range where ∆R > 0. In this range we need less resources (qubits) if we estimate our channel with Werner statesρF as compared to an estimation with separable states. However, we also find a range for which ∆R < 0 (points not plotted) for which an estimation with separable states needs less resources than an estimation with Werner states. 
IV. ESTIMATION WITH BELL-DIAGONAL STATES
As we have seen in the preceding section that mixed nonseparable states can enhance the quality of estimation protocols, we now extend our scheme to general Bell diagonal states and show that channel estimation with Werner statesρ F , Eq. (2), leads to the smallest average error, when nothing about the error probabilities of the Pauli channel is known.
We consider the Bell diagonal statê
with normalization condition (N, p ) , Eq. (9), with the average error in the Bell diagonal caseḡ B (N, p ) .
As in the previous case, Alice's qubit is sent through the channel while Bob simply keeps his qubit. Performing a joint Bell measurement at Bob's site enables us to estimate the channel probabilities p and calculate the average error denoted byḡ B (N, p ).
Due to the fact that the general expression forḡ B (N, p ) is lenghty and rather complex, we do not present the explicit expression here. It is more interesting to look at the mean error ḡ B (N ) p averaged over all possible Pauli channels. For this mean error we find ḡ B (N ) p = 0≤p1+p2+p3≤1ḡ B (N, p ) dp 1 dp 2 dp 3
For fixed α 1 the mean error ḡ B (N ) p has a global minimum at
This means that our Bell diagonal state, Eq. (16), leads to the minimal error if it is in a Werner state. Note that a general Bell diagonal state can always be transformed to a Werner state by randomly applying bilateral rotations [10] . If we do not know anything about our Pauli channel and only have a specific amount of entanglement available, then it is best to use a Werner state for estimating p. However, as shown above, the fidelity F = α 1 needs to be quite high in order to beat the estimation scheme with separable states.
V. CONCLUSIONS
Entanglement serves as a superior resource for Pauli channel estimation [7] . This nonclassical resource enables us to estimate the parameters of a Pauli channel with an lower error than in the classical way or, in other words, we need less entangled test qubits than separable test qubits to arrive at the same estimation error. However for the discussed application, we have seen that entanglement is not very robust. We need a high amount of entanglement to have a chance to profit from this nonseparable resource. And even if the fidelity of our Werner state is high enough, it depends on the actual channel parameters if we can benefit from mixed-state entanglement. We have also shown that Werner states are optimal for estimation in the sense that they yield the lowest average estimation error when compared to a general Belldiagonal state. 
Consequently the average error takes the form
where m,n denotes summation over m, n from 0 to d − 1 omitting the pair m = n = 0.
If we set d = 2 and insert Eq. (A5) we of course obtain the average error, Eq. (8), from Sec. II. It is interesting to note that the error probabilities p m,n do not appear in combinations like p m,n · p m ,n where m = m and n = n. This is due to the fact that we only send a qubit once through the channel. Each time our channel superoperator C(ρ) just acts as one error operator and therefore each qubits gets one error probability 'attached'.
